We consider free massive and massless higher integer spins in AdS backgrounds in general D dimensions. We obtain the solutions corresponding to the highest-weight state of the spin-representations of the SO(2, D − 1) isometry groups. The solution for the spinfield is expressed recursively in terms of that for the spin-( − 1). Thus starting from the explicit spin-0, all the higher-spin solutions can be obtained. These solutions allow us to derive the generalized Breitenlohner-Freedman bound, and analyze the asymptotic falloffs.
There has been continuing interest in higher spins since the early days of quantum field theory. The non-interacting integer higher-spin fields can be defined by the Fierz-Pauli conditions [1] , namely the Klein-Gordan equation
together with the transverse and traceless conditions
where φ ( ) µ 1 ···µ are totally symmetric. The Lagrangian formulations for the free massive and massless higher-spin fields were obtained in [2] and [3] respectively.
It is natural to consider higher-spin gravity theory, which turns out to be inconsistent in Einstein gravity, which admits the Minkowski vacuum [4] . However, when a negative cosmological constant is introduced with an anti-de Sitter (AdS) vacuum, the interacting theory of gravity and higher spins can be consistently defined, at least at the level of equations of motion [5] . Considerable interest has since been paid to the subject. The importance of higher-spin gravities is apparent in the context of string theory in the tensionless limit where the infinite tower of higher-spin string excitations become massless. From the point of view of the AdS/CFT correspondence, gravities coupled to higher spins are expected to be the gravitational dual of the weakly-coupled conformal field theories. Here we give a few references [6] [7] [8] [9] [10] [11] [12] [13] [14] [15] and reviews [16] [17] [18] [19] [20] , which are by no means all inclusive.
When the theory has a cosmological constant, the definition of the mass in the KleinGordan equation is shifted by a constant (M ( ) AdS ) 2 that depends on the dimension D, spin and the cosmological constant. The Klein-Gordan equation becomes
with the same transverse and traceless conditions (2). In the massless limit M ( ) = 0, there are additional gauge symmetries. The gauge invariant equation of motion is given by [21] φ ( )
where
Here L denotes the the "radius" of the AdS space-time. The gauge transformation rule is given by
where is totally symmetric and traceless. For = 0, the transverse and traceless conditions do not apply; for = 1, only the transverse condition is relevant. Interestingly, as we show in the appendix, for = 2 and 3, we can impose some appropriate gauge fixing such that the transverse and traceless conditions come out naturally. However, for ≥ 4, the conditions (2) arise in a more subtle manner.
In this paper we are constructing explicit solutions of (3) with (2) on it with all possible negative-root generators. This method was first used to construct explicit graviton modes in three-dimensional topologically massive gravity [22] . Massless and massive graviton modes in higher-curvature extended gravities in four [23] and general dimensions [24] were also constructed. The aim of this paper is to employ this technique to obtain explicit solutions for free higher spins in general dimensions.
To construct explicit solutions, it is necessary to select appropriate coordinates. We shall write the the AdS D metric in global coordinates. The metric for the foliating sphere is written in such a way that the U (1) coordinates of the corresponding Cartan generators of the isometry group are manifest. Thus we choose the following AdS metric:
For odd D = 2n + 1 dimensions, the foliating S D−2 is given by
For even D = 2n dimensions, the metric takes the same form but with φ n = 0. The full set of the SO(2, D − 1) Killing vectors for these AdS metrics were discussed in [24] . In particular, the Cartan generators can be conveniently chosen as
Consequently, the positive and negative root generators (E αx , E − αx ) can all be specified uniquely. These generators satisfy the so(2, D − 1) algebra, namely
The procedure to obtain the explicit form of these generators in the above coordinates were given in [24] .
We are looking for the spin-solution ψ ( ) µ 1 ···µ that is the highest-weight state under the SO(2, D − 1) isometry group. It is defined by
for all simple roots α x and hence all positive roots.
We use ψ to denote the naturally-complex solutions, whilst φ is the real or imaginary part of ψ. The action of the generators on the solution ψ ( ) µ 1 ···µ is as Lie derivative. The field ψ ( ) µ 1 ···µ is totally symmetric, satisfying the transverse and traceless condition, namely
Note that the Casimir operator E is related to the covariant Laplace operator ∆ as follows
where the two sums are over all the Cartan and root generators respectively. The Laplace acting on the spin-field is given by
Thus the solutions of (11) must also satisfy the equation (3) for appropriate M ( ) .
We are now in the position to present the solutions of (11) . A priori, ψ ( ) µ 1 ···µ are in general functions of all coordinates, with parameters E ( ) 0 and h i . However, for non-trivial solutions in D ≥ 4, we find that
(In D = 3, h 1 = ± , owing to the fact that SO(2, 2) ∼ SL(2, R) × SL(2, R).) The reason for h 1 being singled out here is due to the specific choice of the definition of positive and simple roots that we adopt, as in [24] . The scalar = 0 solution is given by
which is independent of any spherical coordinate. Thus this = 0 solution is a singlet under the SO(D − 1) subgroup of SO(2, D − 1). It should be pointed that there exist scalar solutions in AdS that form infinite-dimensional representations [25] , which we shall not consider in this paper. For general higher spins in D ≥ 4, we find a recursive relation between the spin-( + 1) and the spin-solutions
In This recursive relation makes it straightforward to write up the explicit solution for any spin-in any dimensions. It is thus unnecessary and also too complex to present the full results for higher and D, owing to the proliferation of the components. It is perhaps instructive just to present a particular component, namely
The box and the Laplace actions on the solutions are given by
Compare the first equation above to (3), we have
It is perhaps more natural to write (3) as
whereM does not depend on manifestly.
Having obtained the solutions corresponding to the highest-weight state of the spinrepresentation, we can use the negative-root generators to act on the solution to obtain the full multiplet. In D = 4, we generate 2 + 1 solutions with h = , − 1, · · · , − + 1, − . The procedure becomes more complicated in higher dimensions. In figure 1 , we give an example of how the 16-dimensional spin-3 representation in D = 5 is generated from the highestweight (3, 0) state. Note that E − α 2 and E − α 3 are the two negative-root conjugates of the simple roots associated with the SO(4) subgroup of SO(2, 4). The explicit expressions for these generators in our AdS coordinates can be found in [24] . In general, the dimension for the massive spin-representation in D dimensions is given by We now study the properties of our solutions. For them to be absent from exponential growth in time, it is necessary that E ( ) 0 must be real. It follows from (21) that
This is the generalized Breitenlohner-Freedman (BF) bound for higher-spin fields. The apparent difference of this bound for = 0 with the usual BF bound is due to the different definitions of the mass. Expressed in terms ofM , defined in (22), we havê
Although higher spins in AdS backgrounds have the analogous BF bounds, their falloff behavior with negative mass square may differ from that of the scalars. The leading term of the ψ τ ···τ (19) in the AdS boundary is given by
where r = sinh ρ → ∞. The falloff of the AdS black hole is given by δg τ τ ∼ 1/r D−3 . In [24] , the black hole falloff is used to define the massless higher-spin modes. It is easy to see that indeed the condition
corresponds precisely M ( ) = 0 in (21). Thus for solutions with (M ( ) ) 2 ≥ 0, it follows from (21) that there must exist a branch that has the falloff faster than that of the black hole.
In the asymptotically-flat space-time, the consistent boundary condition is defined such that no mode should have a falloff slower than the 1/r D−3 . In solutions that is asymptotic to AdS, more general boundary conditions are allowed, which contain slower falloffs.
There is no unique choice for consistent boundary conditions. The strongest and non-trivial boundary condition is that all modes should have the same or faster falloffs than 1/r D−3 .
We call this strong boundary condition.
For solutions that satisfy the bound (24), but with (M ( ) ) 2 < 0, two situations can arise.
The first is that D − 5 + 2 ≤ 0, the solutions satisfy the strong boundary condition. This Finally, we would like to point out that in higher-derivative theories, equations like
µ 1 ···µ = 0 may arise, in which case there exist log modes which are given by our solutions multiplied by a universal overall factor i (τ + log(cosh ρ)).
To summarize, we consider free higher integer spins in AdS backgrounds in diverse dimensions. We construct explicit solutions corresponding to the highest-weight states of the spin-representations of the SO(2, D − 1) isometry groups of the AdS space-times.
Such a solution is the eigenstate of the Cartan generators, annihilated by all positive-root generators. The full multiplet can then be obtained by acting on the solution repetitively with negative-root generators. These explicit solutions enable us to obtain the generalized Breitenlohner-Freedman bound for the higher spins, which allow negative mass square.
However, we find that the solutions with negative mass square do not in general satisfy the strong AdS boundary condition. Our results should be useful in studying the spectrum and the properties of the linearized modes in AdS gravities coupled to higher spins.
Appendix: Gauge-fixing for massless higher-spin fields
In this appendix, we examine the gauge fixing of the gauge-invariant equation (4) . The procedure does not apply for = 0. For = 1, it is given by the standard transverse condition. For = 2, we adopt the following gauge condition
µν . Note that in this appendix, we use the notation φ ( ) µ 1 ···µ k with k < to denote the field for which a trace or multiple traces are taken. It is straightforward to see that applying this gauge and taking the trace of (4), we have φ (2) /L 2 = 0, and we arrive at the transverse and traceless conditions (2) . If the theory has no cosmological constant, then this gauge is somewhat singular in that there is no equation for the trace mode φ (2) at all. This gauge choice was first used in [22] for studying chiral gravity in three dimensions. It was later adopted to study critical phenomena in extended gravities in four [28] and higher dimensions [29] . For = 3, we consider the following gauge condition
which implies that ∇ µ φ (3) µ = 0. Substituting these into (4) and taking a trace, we find that the transverse and traceless conditions (2) come out naturally.
The situation for ≥ 4 is different. Let us focus on = 4. The most general gauge condition is given by
µ 1 µ 2 µ 3 µ 4 = 3α∇ (µ 2 φ (4)
where α and β are constants to be determined. Substituting this into (4), we find that the derivative terms on φ (4) cannot be canceled regardless the choices of α and β, and that the equation for φ (4) , which turns out to be independent of (α, β), is given by
It is of interest to note that the scalar trace mode φ (4) appears massive, compared to (4).
It is thus more subtle to eliminate this mode, analogous to the subtlety in eliminating the trace mode in Einstein gravity in the De Donder gauge.
We see that for = 2, 3, the transverse and traceless conditions can be derived from some proper choice of gauging. For ≥ 4, the situation is more subtle, and we simply impose the conditions (2) by hand.
